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7–10(a) Find the gradient of .(b) Evaluate the gradient at the point .(c) Find the rate of change of at in the direction of the vector .
7. , ,
8. , ,
9. , ,

10. , ,
11–17 Find the directional derivative of the function at the givenpoint in the direction of the vector .

, ,
12. , ,
13. , ,
14. , ,
15. , ,
16. , ,
17. , ,
18. Use the figure to estimate .

Find the directional derivative of at inthe direction of .
20. Find the directional derivative of atin the direction of .
21–26 Find the maximum rate of change of at the given pointand the direction in which it occurs.
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u Pf PfLevel curves for barometric pressure (in millibars) are shownfor 6:00 AM on November 10, 1998. A deep low with pressure972 mb is moving over northeast Iowa. The distance along thered line from K (Kearney, Nebraska) to S (Sioux City, Iowa) is300 km. Estimate the value of the directional derivative of thepressure function at Kearney in the direction of Sioux City.What are the units of the directional derivative?

2. The contour map shows the average maximum temperature forNovember 2004 (in ). Estimate the value of the directionalderivative of this temperature function at Dubbo, New SouthWales, in the direction of Sydney. What are the units?

3. A table of values for the wind-chill index is givenin Exercise 3 on page 888. Use the table to estimate the valueof , where .
4–6 Find the directional derivative of at the given point in thedirection indicated by the angle .
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35. Let be a function of two variables that has continuous partial derivatives and consider the points , ,, and . The directional derivative of at in thedirection of the vector is 3 and the directional derivative atin the direction of is 26. Find the directional derivative ofat in the direction of the vector .
36. For the given contour map draw the curves of steepest ascentstarting at and at .

37. Show that the operation of taking the gradient of a function hasthe given property. Assume that and are differentiable func-tions of and and that , are constants.
(a) (b)
(c) (d)

38. Sketch the gradient vector for the function whoselevel curves are shown. Explain how you chose the directionand length of this vector.

39–44 Find equations of (a) the tangent plane and (b) the normalline to the given surface at the specified point.
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f(a) Show that a differentiable function decreases mostrapidly at in the direction opposite to the gradient vector,that is, in the direction of .(b) Use the result of part (a) to find the direction in which thefunction decreases fastest at the point .

28. Find the directions in which the directional derivative ofat the point has the value 1.
Find all points at which the direction of fastest change of thefunction is .

30. Near a buoy, the depth of a lake at the point with coordinatesis , where , , and aremeasured in meters. A fisherman in a small boat starts at thepoint and moves toward the buoy, which is located at. Is the water under the boat getting deeper or shallowerwhen he departs? Explain.
31. The temperature in a metal ball is inversely proportional tothe distance from the center of the ball, which we take to be theorigin. The temperature at the point is .(a) Find the rate of change of at in the directiontoward the point .(b) Show that at any point in the ball the direction of greatestincrease in temperature is given by a vector that pointstoward the origin.
32. The temperature at a point is given by 

where is measured in and , , in meters.(a) Find the rate of change of temperature at the pointin the direction toward the point .(b) In which direction does the temperature increase fastest at ?(c) Find the maximum rate of increase at .
Suppose that over a certain region of space the electrical poten-tial is given by .(a) Find the rate of change of the potential at in thedirection of the vector .(b) In which direction does change most rapidly at ?(c) What is the maximum rate of change at ?

34. Suppose you are climbing a hill whose shape is given by theequation , where , , and aremeasured in meters, and you are standing at a point with coor-dinates . The positive -axis points east and thepositive -axis points north.(a) If you walk due south, will you start to ascend or descend?At what rate?(b) If you walk northwest, will you start to ascend or descend?At what rate?(c) In which direction is the slope largest? What is the rate ofascent in that direction? At what angle above the horizontaldoes the path in that direction begin?
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56. Show that every normal line to the sphere passes through the center of the sphere.
Show that the sum of the -, -, and -intercepts of any tangent plane to the surface is a constant.

58. Show that the pyramids cut off from the first octant by anytangent planes to the surface at points in the firstoctant must all have the same volume.
59. Find parametric equations for the tangent line to the curve ofintersection of the paraboloid and the ellipsoidat the point .
60. (a) The plane intersects the cylinder in an ellipse. Find parametric equations for the tangentline to this ellipse at the point .

; (b) Graph the cylinder, the plane, and the tangent line on thesame screen.
61. (a) Two surfaces are called orthogonal at a point of inter-section if their normal lines are perpendicular at thatpoint. Show that surfaces with equations and are orthogonal at a point whereand if and only if

at
(b) Use part (a) to show that the surfaces andare orthogonal at every point of intersection. Can you see why this is true without usingcalculus?

62. (a) Show that the function is continuous andthe partial derivatives and exist at the origin but thedirectional derivatives in all other directions do not exist.
; (b) Graph near the origin and comment on how the graphconfirms part (a).

Suppose that the directional derivatives of are known at a given point in two nonparallel directions given by unit vectors and . Is it possible to find at this point? If so,how would you do it?
64. Show that if is differentiable at then

[Hint: Use Definition 14.4.7 directly.]
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; 45–46 Use a computer to graph the surface, the tangent plane,and the normal line on the same screen. Choose the domain care-fully so that you avoid extraneous vertical planes. Choose theviewpoint so that you get a good view of all three objects.

45. ,
46. ,
47. If , find the gradient vector and use it to find the tangent line to the level curve at thepoint . Sketch the level curve, the tangent line, and thegradient vector.
48. If , find the gradient vector and use it to find the tangent line to the level curveat the point . Sketch the level curve, the tangent line, and the gradient vector.
49. Show that the equation of the tangent plane to the ellipsoidat the point can be written as

50. Find the equation of the tangent plane to the hyperboloidat and express it in aform similar to the one in Exercise 49.
51. Show that the equation of the tangent plane to the ellipticparaboloid at the point canbe written as

52. At what point on the paraboloid is the tangentplane parallel to the plane ?
53. Are there any points on the hyperboloid where the tangent plane is parallel to the plane ?
54. Show that the ellipsoid and the sphereare tangent to eachother at the point . (This means that they have a com-mon tangent plane at the point.)
55. Show that every plane that is tangent to the conepasses through the origin.x 2
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MAXIMUM AND MINIMUM VALUES

As we saw in Chapter 4, one of the main uses of ordinary derivatives is in finding maxi-mum and minimum values. In this section we see how to use partial derivatives to locatemaxima and minima of functions of two variables. In particular, in Example 6 we will seehow to maximize the volume of a box without a lid if we have a fixed amount of cardboardto work with.
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